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Abstract . We consider the Schrodinger type operator A = (l + |x| Qf )A— |x-| s , 
for a 6 [0,2] and /3 > 0. We prove that, for any p G (1, oo), the minimal 
realization of operator A in L P (M. N ) generates a strongly continuous analytic 
semigroup (T p (t)) t > . 

For a € [0, 2) and /3 > 2, we then prove some upper estimates for the heat 
kernel k associated to the semigroup (T p (4)) t >o. As a consequence we obtain 
an estimate for large \x\ of the eigenfunctions of A. Finally, we extend such 
estimates to a class of divergence type elliptic operators. 
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1. Introduction 
For any a, (3 > with a 2 + j3 2 ^ 0, let A be the elliptic operator defined by 



Atp(x) — a(x)Aip(x) — V(x)(p(x), 



x G 



oN 



(1.1) ?operatore-A? 



on smooth functions ip, where a(x) — 1 + \x\ a and T^(x) = \x\° . 

In the case when /3 = and a > 0, generation results of analytic semigroups for 
suitable realizations A p of the operator A in L P (M. N ) have been proved in [51 HTj . 
More specifically, the results in [5j cover the case when a £ (1,2] and show that 

JV ), with domain 



the realization A p in L p 



D(A p ) = {u G lf 2 ' p (l w ) 



a|L» 2 u| 



i 1/2 |Vu| GLP(R W )} 



generates a strongly continuous analytic semigroup. For a > 2, the generation 
results depend upon TV as it is proved in [11] . More specifically, if TV = 1 , 2 no real- 
ization of A in L P (M. N ) generates a strongly continuous (resp. analytic) semigroup. 
The same happens if TV > 3 and p < N/(N - 2). On the other hand, if TV > 3, 
p > TV/(TV — 2) and 2 < a < (p — 1)(TV — 2), then the maximal realization A p of 
the operator A in L P (M. N ) generates a positive semigroup of contractions, which is 
also analytic if a < (p — 1)(TV — 2). 

Here, we confine ourselves to the case when a G [0, 2]. In the first main result 
of the paper we prove that, for any 1 < p < oo, the realization A p of A in L P (M. N ), 
with domain 



D(A p ) = L G W 2 ' P {R N ) : a\D 2 u\, o 1/2 |Vu|, Vu G L p { 



<>N 



»}■ 



generates a positive strongly continuous and analytic semigroup (T p (t))t>o for any 
/3 > 0. This semigroup is also consistent, irreducible and ultracontractive. We 
then show that, if j3 > 0, T p (t) is compact for all t > and the spectrum <j(A p ) is 
independent of p. 
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Due to the local regularity of the coefficients, the semigroup (T p (t))t>o admits 
a heat kernel k(t, x, y). If we denote by p(t, x, y) the heat kernel corresponding to 
the operator B = A — \x\^ , then it is known that, for j3 > 2, 

t -b 1 \*f _\_vV_ 

p{t,x,y)<Ce ct g- N _ ± -e -re -r, < t < 1, 

(MM) 4 2 

for large |x| and |y|, 7 = 1 + | , and 6 > |±§ (see [3 Cor. 4.5.5 and Cor. 4.5.8]). 
By providing upper and lower estimates for the ground state of A p corresponding 
to the largest eigenvalue Ao and adapting the arguments used in [3], we show the 
heat kernel estimates 

< k(t, x, y) < KC °^- I^MMV} | <>0; (1.2) ? egtlmateg z k ? 



for \x\, \y\ > 1 where 



Jo W := \x\ 4 2 exp 



12/1 



kl s i8/2 



provided that a € [0, 2) and /? > 2. Such estimates allow us to describe the 
behaviour of all eigenfunctions of A p at infinity. 

Finally, thanks to a recent technique developed in [17] , we extend estimates (jl.2p 
to more general elliptic operators in divergence form. 

We stress that, in the case where V = 0, kernel estimates similar to (|1.2[) have 
been obtained in [T2], even for a > 2. We also quote [TU] where upper and lower 
estimates for the kernel k have been proved in the case where a = and /3 < 2. 

The paper is structured as follows. In Section [5] we prove the generation results 
and exploit some of peculiar properties of the semigroup (T p (t))t>o- Then, in 
Section[3]we prove upper estimates for the kernel k associated to operator A, when 
a G [0, 2) and (3 > 2, and we use them to estimate the asymptotic behaviour of 
the eigenvalues of the operator A p . Then, we extend the heat kernel estimates to a 
more general class of elliptic operators in divergence form. Finally, in the appendix, 
we collect two technical results which are used in Section [2] 

Notation. For any fceN (eventually k = 00) we denote by C*(M. N ) the set of all 
functions / : R* — > M. that are continuously differentiable in R N up to k-th order 
and have compact support (say supp(/)). Moreover, for any bounded function 
/ : R N -> K we denote by \\f\\oo its sup-norm, i.e., \\f\\oo = sup^gjjw |/(a;)|. If / is 
smooth enough we set 

N N 

|V/(x)| 2 = J^ \Dif(x)\ 2 , |£ 2 J»| 2 = E lAi/WI 2 - 

i— 1 i,j= 1 

For any xo £ M. N and any r > we denote by B r (xo) C R the open ball, 
centered at £0 with radius r. We simply write B r when xo = 0. xb denotes 
the characteristic function of the (measurable) set E, i.e., Xe(%) = 1 ii x E E, 
Xe{x) == otherwise. 

For any p G [l,co) and any positive measure d/i, we simply write L p instead 
of LP (M. N , dfx) . The Euclidean inner product in L 2 is denoted by (-,-)m- In the 
particular case when ^ is the Lebesgue measure, we keep the classical notation 
L P (M. N ) for any p E [1, 00). Finally, by x ■ y we denote the Euclidean scalar product 
of the vectors x, y £ M. . 
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2. Generation results 

For any a G [0,2] and any f3 > we denote by A p the realization in L P (R N ) 
(p G (l,oo)) of the operator A, defined in (|1.1[) . with domain 

D(Ap) = {«£ W 2 > P (R N ) : a\D 2 u\, a 1/2 |Vu|, Vu G L P (R N )} . 

We endow D(A p ) with the norm 

IMId(a p ) = \\u\\lp(r«) + II^"IIlp(r«) + l|a 1/2 |Vu| || L p(r«) + ||a|L> 2 u| || LP 



(2.1) ?norma-DAp? 



for any u G D(A p ). 



2.1. Preliminary results and apriori estimates. This subsection contains all 
the technical results that we need to prove the generation results in Theorem 12.51 

Proposition 2.1. [2, Prop. 6.1] Let J = {B p{x) (x) : x G R*} be a covering ofR N , 
where p : M. N — > R+ is a Lipschitz continuous function, with Lipschitz constant k 
strictly less than 1/2. Then, there exist a countable subcovering {B p ^ Xri j(x n ) : n G 
N} and a natural number £ = C(N, n) such that at most £ among the doubled balls 
{B2 P (x n ){x n ) : n G N} overlap. 

Remark 2.2. The previous proposition can be rephrased in terms of characteristic 
functions as follows: there exist a sequence (x n ) and a natural number £ such that 



1 <^2XB piXn) (x n )(x) <^XB 2p ^ n) (x n ){x) < C, X€ 



*52p(*„)(^)W ^ S) .-L KZ 111 . 

n—1 n—1 

Proposition 2.3. Fix p G (l,oo), and let q,W : 1* — > R be two functions with 
the following properties: 
(i) q G C(R ) n C X (R N \ {0}) and there exist two positive constants r and k such 

that \Vq\ < nq 1 / 2 in R N \ B r . Further, q(x) > q > for any x G 1^; 
(ii) W G C(R N ) n C 1 ^ \ {0}), W(x) >w Q >0 for any xeR N and there exist 
two constants C\. p > and C2, p G (0,4/(p — 1)) such that 

|VS(ir)| 2 < Ci !p S(x) 2 + C 2 , p S(x) 3 , |is| > r, (2.2) ? stima-okazaga-0 ? 

where 5 = q~ 1 W . Further < £0 : = inficeR™ E(x). 
Then, there exist three positive constants £q, C (depending on k, C\. p , C2. p , £0; as 
well as on \\q\\c 1 (B 2r \B r ), l|W / llc 1 (-B 2 r\-B r )) and C' e (depending also on e and blowing 
up as e — > + ) such that 

||<7 3 |Vu| || L p(R«) < s\\qAu - Wu\\ L p(j^n^ + C £ ||u|| Lp(k jv) (2.3) ? stima-mterp-i ? 

and 

\\q\D 2 V>\ ||lp(R«) < C (||u||lp(rJV) + ||gAu - W«||lp(RW)) , (2.4) ? stima-2 ? 

for any e G (0,e ] and any u G W 2 ' P (R N ) with q^ 2 \Wu\, q\D 2 u\, Wu G L?(R N ). 

Proof. In view of Proposition I A. 1 1 we can limit ourselves to proving (|2.3|) and (|2.4j) 
when u G C^°(R N ). Being rather long, we split the proof into some steps. Through- 
out the proof p is arbitrarily fixed in (l,oo). 
Step 1. Let us prove that 

II \D 2 u\ IIlp(K«) < C p \\ Au - Su|| Lp ( K jv), (2.5) ? hessiano-l ? 

for any u G C^°(R N ) and some positive constant C p . Here, 3 = (f + (l — (p)S, where 
(p is any smooth function such that \b? ^ f f? Xb 2 ?, an< ^ ^ = max{r, 1}. Note that 
3(x) > Co : = min{l,£o} f° r an Y * G R^- We claim that 

|VS(a;)| 2 < C lp S(j;) 2 + ^ p S(a;) 3 , X G R W , (2.6) ? stima-okaza W a-2 ? 
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for some constants c' 2}P € (0,4/(p— 1)) and c' lp > 0. Clearly, estimate (|2.6p holds 
true in M. N \B 2 ?, by virtue of (|2.2[) . and in _Bf, since VS therein identically vanishes. 
For any x € B 2 f \ Bf we can estimate 

|VS0r)| 2 =|V^)(1 - S(s)) + (1 - ^(x))VS(a;)| 2 

<2(|| |V^| ||L||S - l||!oo (fllwVBj0 + || |VH| |||oo (B2ABf!) )^ 2 H(a ; ) 2 . 

Hence, inequality (|2.6|l follows in the whole of R^ with c' 2 „ — c 2:P and 

c' 1]P = max{ci, p ,2(|| \V<p\ ||^||S - l||i» (BMl \ flf) + II |VS| \\l^ Blf \ Bf) )(,Q 2 } ■ 

Thanks to (|2.6|l we can apply 14, Lemma 1.4, Thm. 2.1], which yield 

4 IIA .. ft ..„ , ( (P-lKj, 



HAulli,^) < 4 _( p _ 1)c2 l|Au~Su|| L p (RW) + (^ 4(p ^ 1)c2 J IMIlp(r«)- 

(2.7) ? delta ? 

To complete the proof of estimate (J2.5I) we observe that, in view of (|2.7I) and 
the well-known Calderon-Zygmund inequality (see e.g., [BJ Thm. 9.19]), it suffices 
to show that, for any p £ (l,oo), there exists a positive constant c p , independent 
of u, such that 

||«||iP(RJV) < C p ||Aw - Eu\\ L p(uNy (2.8) ? invert ? 

Set / := Aw — Su and multiply both sides of the equation Au — Su = / by u|u| p ~ 2 , 
where we assume without loss of generality that u is real. Indeed, if u is complex- 
valued, (|2.8[) will follow arguing on its real and imaginary parts. Now, for any 
/, g E L P (M. N ) we can estimate 



(II/IIlp (r «) + IIsIIl P («~)) p <2 p -' / (|/| p + \g\ v )dx 

Jm. N 
<max{2P/ 2 ,2^ 1 } / (\f\ 2 + \g\ 2 )Ux. 



/R™ 

We thus get (|2.8p with c p being replaced by c p max{-\/2, 2 1 ~ 1 / p }. 

A straightforward computation, based on an integration by parts (in the case 
when p > 2) and on [9l Thm. 3.1] (in the case when p <E (1, 2)) shows that 

-(p-1)/ |«r 2 |V«| 2 x {u #o}d!B - lo / \u\ p dx> f fu\u\ p - 2 dx, 



which yields (|2.8[) with c p = ^jT 1 . 

S'tep 2. Let us now prove estimate (12.31) by a covering argument. The starting 
point is the well-known interpolation inequality (see e.g., 112,) 

II \VV\ \\ LP{m) < C N \\v\\l p{MN) \\ \D 2 V\ || J p(RN) , V € ^^(1 N ), (2.9) ?interp? 

which, in view of ([2. 5ft , allows us to estimate 

i i 

II |V«| ||ip(R*r) <c^ p ||Aii-Su||^ p(RjV) ||u||£ p(RN) , (2.10)?i? 

for some positive constant c' Np , independent of u e C^°(R N ). 

We can now apply the covering argument to estimate (J2.10J) . For this purpose, 
let q := 2~ 4: ip 4- (1 — ip)q, where ip is as above. Arguing as in Step 1 we can easily 
show that |Vq(a;)| < kq(x) 1 ' 2 for any x € WL N , where 

K = max{l,K,<fo 1/2 (|| |V<p| ||oc||g - 2~ 4 || L ~ (B2f \ Bf) + || |Vg| \\l°°(b„\b?))}- 
Further, we introduce the function p : R w — > R defined by 

P(x) = ^q(x)i, x£R N . 

2k 
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Clearly, p is a Lipschitz continuous function, with Lipschitz constant not greater 
than 1/4. Moreover, 

2<zOo)^ <<?(») s < 2<zOo) 3 , x e B 2p{xo) (x ) (2.11) ? rho-i ? 



and 



P(x)<\\x\ + ^ xeR N . 



This latter inequality implies that 

Bp(x )( x o) C B( 1+w \ Xo \y s , B 2p ( Xo ){x a ) C R \-B-l/4+|x |/2i (2.12)? rho-2 ? 

for any |a^ 1 > 1/2. 

Now, for any x £ R N we set $ Xo (x) = ^(fgy), where tf € ^(R^) satisfies 
XSi < ^ < Xb 2 - Moreover, to fix the notation, we set L := \\ |W| ||oo + jA^Hoo. 
Applying estimate (I2.10p to the function -d Xo u and using Young inequality, we get 

\\q{x a )^\Vu\\\ LP{B ^ Q)(xa)) 

<\\q{x a )^\\7{ti xa u)\ ||ip( R iv) 

1 I 

<c / jv, P ll^o u ll2 P (Riv ) ||«(a;o)A(i? Xo u) - q(x )Etf Xo u\\ 2 LP{RN) 
<c' N , p {e\\q{x )A('& Xo u) - q(x )E'd Xo u\\ L p (R N) + — \\'d Xo u\\ LP(R N ) J 

( _ 2L 

<<4, P ( e||g(^o)Au - <?(a;o)Su|| L p (i 3 2p(a;n)(xo)) + -__e||g( Xo )|Vu| || L p ( B 2p(a!o)(a:o)) 

+ -— T2 £ ll«(^o) «||jy(fl a( . ( . 0) (« )) + 1- £ \\ u \\L P (B 2fl{X0) (x )) j , 

for any e > 0. Now, from (|2.1ip we deduce that 

• ||g(x )Au - q(x )Su|| L p (B2p(xo)(:Eo)) < A\\qAu - q~u\\ LP{B2pi!co)(xa)) ; 

o r 

• ^^yll^ ^! Hi"(Bap(-o)(*o)) = 4£K||q(x )2|Vu| ||iP(B ap( . j(« )) 

<8Lk||#|Vu||U p(S2 ^ o)(xo)) ; 



Hence, 



2\\q(Xo)u\\ L P { B 2Hxo) (x )) =4L« ||tt|| L p(B a( , (l , o) ( Xo )). 



||9 5 |Vli||| LP(i 3 p(xo)(:ro)) 
o 

<2ll9( x o)^|VM||| L p (i j p(xo) ( K o)) 

<6c'at J e||g Au - qZu\\ LP{B2fiixg}{xo)) + 2eLk\\q^\Vu\ \\lp(b 2p(xo) (x )) 



+ \ £Lk ' '' + Ws) Mlp{B2 ^^ Xq)) 



By Proposition 12.11 there exist a sequence (x n ) and a positive number ( such that 
y = {B p ^ Xn - j (x n ) : n <E N} is a covering of R^ and the intersection of more than £ 
balls from 3' is empty. From (I2.12[) it is immediate to conclude that {B p r Xr \(x n ) 

2p(x n )( 



c n | > 6f} is a covering of R^ \ B S f and B 2p r x \(x n ) C K^ \ #2? for |a;„| > 6f and 
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any n£E Taking Remark 12.21 into account and recalling that q = q and q"E = W 
in K.^ \ -Z?2f, we can write 

h k \Vu\\\ p LKRNXBaf) <c^ p e p [ \qAu-Wu\v J2 XB 2pM ( Xn )dx 

J K i i ^ r ~ 

\Xn\>or 

: p (sLkf qi\Vu\ p Yl XB 2pM {x n )dx 

Jrn kfi>« 



II 

' C N, : 



n 

C N,; 



\x n | >6f 



<c'^ p Ce p \\qAu-Wu\\ p LP{WLNXB2f) 
+ c% jP ((eLK) p \\qi\Vu\\\ p LnwN ^ B2f) 

+ c N, p ([ £Lk + Yq^J l! U llLP(R«\B 2f )- 

Due to the arbitrariness of e > 0, from the above estimate we get 
lk 5 |Vw| |Up( K ^\b s# =) <e||?Au- WuH^p^jv) +e\\q^\Wu\ \\ L p {r n ) + C e ||u||i, P (RW), 

(2.13) ? stima-outer ? 

for any e > and some positive constant C e , possibly blowing up as s — > + . 

To extend the previous inequality to the whole of M. N we use the classical interior 
L p -estimates (see e.g., O Thm. 9.11]) 

\\u\\w 2 >p(B ai ,) <Ki(\\qAu - Wu\\ Lp{r n } + ||f |Up(RJV)), (2.14) ? apriori ? 

and the interpolative estimate 

|| |v«| || L P (B8f) < K 2 \\v\\i P{ B 8 ,)M\UnBs,y v e w2 ' p ( B sr), 

which hold for some positive constants K\ and Ki independent of u and v, respec- 
tively, to infer that 

M|Vu| \\ L p(B 8f ) <|k'IU-(B 8F )|| |V«| \\ L P(B 8f ) 

<K 3 \\u\\l P ( Bw) (\\qAu - WuWlp^n) + ||u||lp(m«)) 2 

1 1 

< K 3\\u\\l P(BBf) \\qAu - Wu\\ 2 LP{RN) + J fiT 3 ||ii|| L p (R iY ) 

<e\\qAu- WuWlp^n) +C^||w|| L p (r « ) , (2.15)' 

for any e > and some positive constants K% and C' e , this latter one possibly 
blowing up as e — > + . From estimates (I2.13[) and (|2.15[) we deduce that 

lk 5 |Vw| || L p (r jv) <||<? 5 |Vu| \\ L p(B S r) + II<7 5 I Vm I IIlp(r«\b 8? ) 

<2£\\qAu~Wu\\ LP{R N ) +C"||u|| L p (M iv ) +e||g 5 |VM| \\ L p(&*r), 

for any e > and some positive constant C'J possibly blowing up as e — > + . Hence, 
taking e < 1, we immediately get (|2.3p . 

Step 3. To conclude the proof, let us prove estimate (|2.4|l . From (|2.5p applied 
to the function w?a; we deduce that 

lk(a;o)|-D 2 (^x u)| ||lp(r«) < C p \\q(x )A(d Xo u) - q(x Q )E'd Xo u\\ L p {R N ) . 

Therefore, taking (|2.1ip into account, and arguing as in the proof of Step 2, we first 
get 

U\D 2 u\ ||l»(b„ ( . 0) (x )) 



st una- inner : 
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<-\\q(x Q )\D U | ||ii»(B p( . j(xo)) 

<K 4 (\\q(x )Au - q(xo)Zu\\ LP{B2p(xo){xo)) 

+ ||g(»o)Vw • Vl? Xo II L»(R N ) + ll<7(^o)-"Al? Xo || LP(R iv^ 
<lfBM|«A«-^«||ip(B ap(l , o)(xo )) + ||g*|V«| ||LP(B 2p(!C0) (x n )) + \\u\\LP(B 2p(!C0) (x„y)) 

and, then, applying the same covering argument as above, we conclude that 
lkl-D 2 «l IU*>(rjv\b w ) < K 6 (\\qAu- Wu\\ Lp{m n } + ||g2|Vit| \\ L p(m") + IMIlp(r«)J • 

(2.16) ? stima-4 ? 

Here, K&, K§ and Kq are positive constant, independent of u. Combining (J2.3I) and 
(|27T6|) . we get 



lk|-D 2 u| IUp(R«\B 8f ) < K 7 (||gAu - PVn||ii>(RJV) + |M| L p(R«)) , (2.17) ? stima-5 ? 

for some positive constant .K7, independent of u. Estimate (J2.4I) now follows from 
(T2~T7)) and (J2~T4|) (with u replacing v). D 



The following result is now a straightforward consequence of Proposition 12.31 

Corollary 2.4. The norm of D(A p ) defined in (|2.ip is equivalent to the graph 
norm of D(A p ), i.e., to the norm defined by ||m||_d(a p ) = IMIlp(r n ) + ||^p u IU p (R N ) 
for any u £ D(A p ). 

2.2. Proof of the sectoriality of operator A p . We can now prove that operator 
A p is sectorial in LP{R N ) for any pe (1, 00). 

Theorem 2.5. For any p £ (1, 00) the operator A p generates a strongly continuous 
analytic semigroup (T p (t))t>o in L P (M. N ) which is also positive and consistent. 

Proof. Being rather long, we split the proof into several steps. 

Step 1. For any a £ (0, 1) let us introduce the functions q„ and Vi )CT defined by 

1 + (j(l + \x\ a ) 1 -|-cr(|a;|p + 1; 

As it is immediately seen, q a and V\ :tT are bounded in M. N and satisfy 

qa(x) > -, Vl, a (x) > -, 

for any x £ R^ and any a £ (0, 1). By well-known results (see e.g., [7J Chpt. 3]), for 
any a £ (0, 1) and any p £ (1, 00), the realization Q a , P of operator Q CT = q a A — Vi, CT 
in L P (R ), with W 2 ' P (M. N ) as a domain, is the generator of a strongly continuous, 
analytic semigroup. Here we are aimed at proving the estimates 

1 

\W3 |Vu| || L p(rjv) < e||Q<T,pU||LP(RiV) + C e ||u|| L p( R iV), (2.18) ? stima-a ? 

Il^l-D 2 ^! IIlp(R«) < C (||w|| L p (R iV) + ||<5 CT ,pW|| L p (R iV)) , (2.19) ? stima-b ? 

for any e > 0, any u £ W 2,P (M. ) and some positive constants C and C £ , inde- 
pendent of a £ (0, 1), the latter constant possibly blowing up as e — >• + . For this 
purpose we prove that, for any a £ (0,1), functions q a and V\. a satisfy the as- 
sumptions of Theorem 12.31 with r = 1/2 and the constants therein appearing being 
independent of a. More specifically, we should establish the following facts: 

(i) there exists a constant c\ > 0, independent of a £ (0, 1), such that 

|VSi :(T (a;)| 2 < ciSi :CT (a:) 2 , x £ R N \ B 1/2l (2.20) ? okazawa-3 ? 



where 
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F ljCT (x)_l + |^ l + a(l + \xn _ mJV . 



Si ' ct(x): q l( x ) l+\ x \a ■ l + a(l + |a ; |' 3 )' XG 

(ii) there exists k > 0, independent of a £ (0, 1), such that 

|Vgo-(x)| < Kq a (x)?, x£R N \B 1/2 . (2.21) ? estim-kappa ? 

Let us begin by checking property (i). Note that 

_ Q3- a)|z|" +/3 + gjgjP - a\x\ a l + a{l + \x\ a ) 
^ CT(a;) ~ |x| 2 (l + M") 2 l + a(l + \x\P) X 

l + \xf a\x\ a (l + g(l + \xf)) - gjg|^(l + a{\ + |z| a )) 
l + |a:| a " |.T| 2 (l + a(l + |a;|^)) 2 X ' 

for any ieM A '\{0}. Since 

2 + |a;| ''l^l + a(l + |af) _ _ mN 



it follows easily that Ei <(T (x) > 1/2 for any x £ B\ and any a £ (0, 1). Hence, 

|V3i )<7 (a;)| < 4|/3 - a| + 6a + 8/3 < 4(2|/3 - a| + 3/3 + Aa)E ha (x), 
for any x £ B\\ B1/2 and 



l + |x| Q 'l + M" \x\{l + \x\ a )J 1 + ct(1 + |x|/ 3 ) 

+ a i + \x\ a ' |z| ' 1 + (7(1 + l^l/ 3 ) + / l + |a;|« ' |z| ' 1 + (7(1 + Ixl/ 3 ) 

<(|/3-a| + 2a + 2/3)^M 
\x\ 

<(|/3-a|+2a + 2/3)Hi, CT (a;), 
if iel' v \Bi. Hence, 

\VEi !<r {x)\ < 4(2|/3 - a| + 3/3 + 4a)S 1>CT (z), z £ R N \ B l/2 . 

Thus, estimate (J2~2U|t follows with c x = 16(2|/3 - a| + 3,5 + 4a) 2 . 

Finally, a straightforward computation shows that (|2.21l) holds true with k = 
a2 1_ f . Estimates (J2.18I) and (12.19)) are thus proved. 

Step 2. Here we prove that, for any p £ (1, 00), there exist wo G K and M p > 
such that 

|A|IMIlp(R«) < M p \\\u - Qi/ niP u\\ L p( R N-), (2.22) ?hille-yosida? 

for any u £ D(A p ), any A € C with ReA > ujq and any n £ N. 

We begin by considering the case when a £ [1,2]. We fix p £ (l,oo), A £ C, 
u £ W 2 ' P (M. N ) and set / := Xu — Q p ,i/ n u. We multiply both sides of this equation 
by u|u| p ~ 2 and integrate by parts, taking Thm. 3.1] into account. We get 

fu\u\ p - 2 dx=X f \u\ p dx+ f V 1A/n \u\ p dx~ f q 1/n \u\ p - 2 uAudx 

R N JR N JR n JR n 



=A / \u\ p dx+ / V 1A/n \u\ p dx 

JR N JR N 

+ (p - 1) / gi/„|ur~ 4 |Re(MVu)| 2 x{„^ }^ 

JR N 

+ / 9i/r l |w| p_4 |Im(?lVu)| 2 X{„^o}^ 
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+ i(p - 2 ) / <li/n\u\ p 4 Re(uVu) • lm(u\7u)x{ U jto}dx 

JR« 
- / Vqi/n ■ Vm \u\ p - 2 udx. (2.23) ? fiore ? 

Taking the real part of the first and last side of (|2.23[) we get 

f Re(fu)\u\ p - 2 dx =RcA f \u\ p dx + f V lA/n \u\ p dx 

+ (P- 1) / qi/ n \uY'- 4 \Re(u57u)\ 2 X{u^}dx 

JR™ 

+ / qi/n\u\ p ~ A \lm{uVu)\ 2 X{u^o}dx 

JR« 

- / Vgi/ n • Re(uVu)u\u\ p ~ 4 X{ u ^o}dx. 

JR« 

For notational convenience we set 

A:= q 1/n \u\ p ~" i \Re{u\/u)\ 2 X{u^}dx, 



B ■= \ qi/ n \u\ p 4 \lm(uVu)\ 2 X{ u ^o}dx. 

JR« 



Recalling that |Vgi/„| < 2\q 1 / n \ 1 / 2 and using Holder and Young inequalities we can 
estimate 



\L 



IP- 1 ->(Tt ^WWo.WP 



"(K N )ll U lll,P(R^) >( ReA )ll U lli,P(RiV) + 0- 1)^ + 



D 



2 / q* /n \Re{u\7u)\\u\ p - 4 udx 



R N 
P 



We thus deduce that 



>(RcA)|M|£ p(RN) + (p-l)A + B- 2A* \\u\\l P(RN) 

- ( ReA ~ p~h) ||u|1 w + v ~^r A + B - 

-(ReX)\\u\\ LP(R N } < ||/|| L p(r«), (2.24) ?a? 

A<(Z^j ||/||l,(r«), (2.25)7B? 

B<(^\ ||/|| LP(RN) , (2.26) ?C? 

for any A € C with ReA > 4(p — l) -1 . Now, taking the imaginary part of (J2.23I) . 
we get 

Im(fu)\u\ p ~ 2 dx =(Im\) f \u\ p dx 

R N JR N 

+ (P~2) / 9i/„|u| p_4 Re(uVu) • Im(SVu)x{„^}^ 

Jr™ 

- / V<7i/„ ■ Im(uVM)u|u| p_4 X{„^o}^- 

JR« 

Hence, 

1 j_ i z 

|ImA|||u|| L p (]R jv) <||/||lp(rjv)||u|| Lp(k jv ) + \p-2\A^B' + 2 A* \\u\\l P(RN) . 
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Using (|2"7M)) - ([2~2l))) we obtain 

4 

|ImA|||u|| LP ( R JV) < C p || /|| LP(R N), A e C, ReA>^— -. (2.27) ? imaginary 7 

From (EHM)) and (|2~27| . estimate (j2~2"2"j) follows at once with w = 4(p - 1) _1 . 
In the case when a G [0, 1), the function q a does not belong to W 1 '°°(M. N ) and, 

1/2 

consequently, we cannot control Vgi/ n by q l , n since the gradient of q\/ n blows up 
as x tends to 0. 

To prove estimate (|2.22j) we regularize the function q\/ n in a neighborhood of 
the origin by introducing the function q\/ n := <£> + (1 — tp)q\/m where Lp is a smooth 
function such that x^i < 92 < xs 2 • The arguments used above apply to the 
realization Q 1/n>p of the operator A = q 1/n A - V in D>(R N ), with V^ 2 ' p (M Ar ) as a 
domain, since |V^i/„| < kq 1/n in R , for some positive constant k independent of 
n. We thus deduce that there exist ojq > and M p > such that 

|A||H|l,i>(RJV) < M p ||Am — Ql/n,pU\\LP(Rf), 

for any u G W 2 ' P (R N ), any AeC with ReA > u) and any n G N. Since <7!/„ = qi/ n 
in R N \ B2 , we can estimate 

|A|||u||lp(R«) <||Au - Ql/n,p u \\LP(B 2 ) + ||Ati - Ql/n,pU\\LP(R N \B 2 ) 
<II(<71/k - qi/n)Au\\LP(B 2 ) + \\Xu - Ql/n,pU\\LP(B 2 ) 

+ || Xu - Ql/n,pU\\LP(R N \B 2 ) 
<\\4l/n - 91/nllooH Au|| LP(£ > 2 ) + 2||Ati - Q 1 / n . p u\\ LP{R N ) 
<4|| Au\\ LP(B2) + 2\\\U - Qi /n ,pU|| L p(R«). (2.28) ? mart-0 ? 

We now apply estimate (IA.1I) with r = 2 to the operator L n — qi/ n A — V, where 

Qi/n = Qi/n>P + 1 — ^i V - = ^>V, and f/ 1 is any smooth function such that xb 4 < "0 < 
Xs 8 . Note that the sup-norm and the modulus of continuity of the function q~\i n 
can be estimated independently of n. So, we can determine two positive constants 
ojo^p and K p , independent of n and u, such that 

||Au|| LP(S2 ) <K p (|| Alt - Ql/ n ,pU\\LP(Bi) + IMUp(B 4 )) 

<K P (|| Au - Qi/„, p u|| L p( R n-j + ||u||lp(rn)) , 

for any AeC with ReA > & , which replaced in (|2.28|) yields (|2.22j) . 

^tep 5. Here, we fix p G (1, 00) and prove that the equation Xu — A p u = f admits 
a unique solution u G D(A p ) for any / € L P (R N ) and any A € C with real part not 
less than wo + 1- As a first step, we observe that p{Qi/ n ,p) D X := {A G C : ReA > 
wo} for any n G N. Indeed, as we have already remarked, Qi/„ iP is a sectorial 
operator; hence, its resolvent set contains a right-halfline. Such a right-halfiine 
contains S. Indeed, it is well-known that the function A M- ||i?(A, Qi/ n ,p)\\L(Lp(s. N )) 
blows up as A tends to the boundary of p(Qi/ n ,p), an d (|2.22[) shows that this cannot 
be case at any point of E. 

Now, for any n G N and A G X, we denote by u n the unique solution to the 
equation Xu n — Qi/ np u n = / in W 2 ' P (M. N ). By (|2.22p the sequence (u n ) is bounded 
in L P (M. N ). Since Qi/ n ,pU n — Xu n — f also the sequence (Qi/ n ,pU n ) is bounded in 
L p (R N ). Hence, by (j2~18)) and (|2~T9j) we can infer that 



? 



SU P lki/JVu n | IUp(K«) + SUp ||<Ji/„|£) M„| ||z,p(rjv) < C||/|| L p( R JV), (2.29) ? stima-ve ? 

nGN ' tiEN 

for some positive constant C, independent of/. Recalling that q 1 / n is bounded from 
below by 1/2, we easily deduce that the sequence (u n ) is bounded in W 2 ' P (R N ). A 
classical compactness argument shows that, up to a subsequence, u n converges to 



? 
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some function u € W 2 ' P (R N ), weakly in W 2 ' P (B R ) and strongly in W 1 ' P {B R ), for 
any R > 0. Again, up to a subsequence, we can assume that u n and Vu„ converge, 
respectively, to u and Vw, pointwise in R N . Since Au n = q~, n (Xu n — f + Vi/ n u n ) 
and qi/ n and V\ t x/ n converge, respectively, to a and V + 1 locally uniformly in R , 
Au„ converges in L|' oc (R Ar ) to the function a -1 ((A + l)u — f + Vu). But we already 
know that, for any R > 0, Au„ converges weakly in L P (B R ) to Au. Hence, we 
conclude that the function u solves the equation (A + l)u — Au = /. Finally, from 
(j^g|) we get 

l|a 5 |Vw| |j L p(R«) + IM-D 2 w| IIlp(rjv) < C||/|| L p (r jv). 

By difference, Vu = f + aAu - Xu belongs to L P (R N ). Hence, u £ D(A p ). We 
have so proved that the equation Au — A p u — / admits, for any A 6 C with 
ReA > ojq + 1, a solution u € D(A, p ). Function u is the unique solution to the 
equation Am — A p u = / in D(A p ). Indeed, if u € D(A p ) solves the equation 
Am - A p u = 0, then u e W 2 ' P (R N ) and \a~ 1 u - Au + a~ 1 Vu = 0. Multiplying 
both sides of this equality by u|u| p_2 and integrating by parts gives 

=A f ^dx + (p- 1) / \Re(uWu)\ 2 \u\ p - 4 X{um dx 

JR« a Jr« 

+ f |Im(lZV U )| 2 | M r- 4 x { ^o}^ 

+ i(p-2) f Re{u\7u)-Im{u\7u)\u\ p - i X {u^o}dx+ f a^V^dx. 



Taking the real part and recalling that ReA > 0, we conclude that u = 0. Hence 
{A e C : ReA > lu q + 1} C p(A p ). 

Finally, letting n tend to oo in (|2.22p gives 

|A|||w||lp(r«) < M p \\\u - ApM|| LP(R N), 

for any a € [0, 2], any u £ D{A p ) and any A e C with ReA > uiq + 1. By [71 Prop. 
2.1.11], we conclude that A p is a sectorial operator and, therefore, it generates an 
analytic semigroup (T p (t)) t >Q in L p (Bi ). Such a semigroup is strongly continuous. 
Indeed, D(A P ) is dense in L P (R N ) since it contains C™(R N ). 

Step 4- To complete the proof we check that the semigroups (T p (t))t>o preserve 
positivity and are all consistent. In view of the exponential formula 



" Tl /ft \ 

T p (t)f= lim -R(-,A p ) 

ra->oo It \t I 



f, 



which holds for any t > 0, any / 6 L P (W N ), where the limit is meant in the 
norm topology of L P (R N ) (see [HI Chpt. 1, Thm. 8.3]), it suffices to prove that 
the resolvent families 3? p := {R(X, A p ) : A > 0} (p E (l,oo)) are consistent and 
preserve positivity. The positivity of the resolvent family 5l p for any p S (l,oo) 
follows immediately if we recall that, for any / € L P (M. N ), R(\,A p )f is the limit 
in L p oc (R N ) of the sequence of functions (R(X,Qi/ n . P )f) an d, by classical results, 
each operator R(X,Q pl / n ) preserves positivity. 

Similarly, since, for any n € N, the resolvent families {i?(A, Q\/ n ,p) : A > 0} 
(p G (l,co)) are consistent, for any p,q £ (1, oo), any n € N and any / £ 
L p (R N ) n Li(R N ), the function R(X,Qi/ n , p )f belongs to L P {R N ) n L?(R N ) and 
i?(A, Ai/ np )f = R(X, Ai/ nq )f. Letting n tend to oo we conclude that R(X, A p )f = 
R(X,A q )f. This concludes the proof. D 

2.3. Some additional properties of the semigroup (T p {t))t>o an d the spec- 
trum of operator A p . To begin with, we state some remarkable properties of the 
semigroup (T p (t)) t > Q . 
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Proposition 2.6. For any p G (l,oo), any f G L P (R N ), any 7 G (0, 1) and any 
t > 0, the function T p {t)f belongs to C b 7 (M A '). In particular, the semigroup 
(T p (t))t>o is ultracontractive. 

Proof. Fix / G L P (R N ), 7 G (0,1) and t > 0. Since (T p (t)) t > Q is an analytic 
semigroup in D>(R N ), T p (t/2)f G D(A p ) C W 2 - P (R N ). Up > N/2, then T p (t/2)f G 
L q (R N ) for any q G [p, 00). Since the semigroups (T r (t)) t >o {r G (l,oo)) are 
consistent, T p (t)f = T q {t / 2)T p {t / 2) f G D{A q ). Choosing <? such that W 2 ' q (R N ) 
embeds in C 6 1+7 (R N ), we conclude that T p (i)/ G C b 1+7 (M A '). 

Let us now suppose that p < N/2. Consider the sequence (r n ), dehned by r„ = 
1/p — 2n/N for any n G N, and set g n = l/r„ for any n G N. Let no be the smallest 
integer such that r„ < 2/N\ note that r„ > 0. Then, T p (t/(n + 2))f G -D(A P ) C 
L« 1 (R w )ni p (M Ar ), by the Sobolev embedding theorem. Hence, T p {2t/(n a + 2))f = 
T qi{~t/{ n o + 2))T p (t/(n Q + 2))f G D(A gi ) C ^^(R^). Iterating this argument, 
we obtain that T p ((n + l)t/(n + 2))f G D(A Qn ), and we can conclude that 

T p (t)f G C b (R N ) arguing as in the previous case. The last statement of the 
proposition is now immediate. □ 

It is well-known that one can associate a semigroup (T(t)) t >o of bounded op- 
erators in Cb(R N ) with operator A. Since the function tp : WL N — > R, dehned by 
f{x) = 1 + \x\ 2 for any x G R N , is a Lyapunov function for the operator A (i.e., 
Aip < c<p), for any / G Cj,(l w ), T{t)f is the value at t > of the unique solution 
u G C([0, 00) x R N ) n C 1 ' 2 ^, 00) x R N ) of the Cauchy problem 



D t u(t, x) — Au(t, x), 


t>0, 


xeR N 


u{0,x) = f(x), 




x £R N 



(2.30) ?pb-omogeneo? 



which is bounded in each strip [0,T] x R N . Actually, since the potential term in 
operator A is nonpositive in R*, T(-)f is bounded in [0, 00) x R . Finally, we stress 
that (T(t)) t >o is strong Feller and irreducible, i.e., each operator T{t) maps Bf,(R w ) 
(the space of all the bounded and Borel measurable functions / : M. N — > R) into 
C/^R^) and T(t)\E > in M^ for any measurable set E with positive Lebesgue 
measure. We refer the reader to [TJ [S] for the proofs of the claimed results and for 
further details. 

Proposition 2.7. The semigroups (T p (t)) t >o and (T(£)) t >o agree on Bt,(R N ) n 
L P (R N ) for any p G (l,oo). Moreover, for any f G ^(l^) and any t > 0, 
the function T p (t)f belongs to C loc 7 (R JV ), where 7 = mm{a, (3}, if a,f3 > 7 and 
7 = max{a, /3}, if a/3 = 0. 

Proof. Fix / G C 2 {R N ) C D(A q ) for any q G (l,oo). Since (T p (t)) t >o is a strongly 
continuous analytic semigroup in L P (R ), for any p G (1, 00), and D{A p ) continu- 
ously embeds in W 2 ' P (R N ), the function v = T p (-)f is in C°°((0,oo); W 2 ' P (R N )) n 
C , ([0,oo);W /2 'P(R Ar )) and solves the Cauchy problem (|2"3H)) . Taking Proposition 
12.61 and the Sobolev embedding theorem into account, we can infer that v be- 
longs to C oo ((0,oo);C 6 1+e (R Ar )) n C([0,oo) x R N ) for any G (0,1). In partic- 
ular, v G Cjtjt ((0,oo) x R N ) for any 9 as above. By difference, aAv — Vv G 
Cf oc ((0,oo) x R N ). As a byproduct, we deduce that Av G Cf oc ((0,oo) x R N ) and, 
by elliptic regularity, D^v G C((0, 00) x R N ) for any i,j = 1,,..,N. Hence, 
v G C([0,oo) x R N ) n ^^((O.oo) x R N ) is a classical solution to problem (j2~30)) 
and is bounded in each strip [0,T] x R N . By uniqueness, T p {-)f — T(-)f ' . 

Let us now assume that / G L P (R N ) n Bj(R w ). For any n G N, let us consider 
the function /„ = "& n {Qn * /), where (g n ) is a standard sequence of mollifiers, (i?„) 
is a (standard) sequence of cut-off functions such that \B n < $n < X-B2™ f° r an y 
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(i £ N. It is well known that the sequence (/„) converges to / in L P (M. N ) and 
pointwisc in 1^ as n — > oo. Clearly, T p (t)f n tends to T p (t)f in L P (M. N ), as n — > oo, 
for any t > 0. Moreover, since ||/ n ||oo < ll/lloo f° r any n £ N and (T(i)) t > is 
strong Feller, T(t)f n converges to T{t)f asn-> oo, pointwise in R , for any £ > 
(see e.g., [SJ Cor. 4.7]). Using the semigroup property and [8} Prop. 4.6] (or [TJ 
Prop. 2.2.9]) we can infer that T(t)f n converges to T(t)f, locally uniformly in R. N 
as n — > oo, for any t > 0. We thus conclude that T p (t)f = T(t)f for any i > 0, and 
we are done. 

To complete the proof we observe that, for any g G Cb(R N ) and any t > 0, the 
function T(t)g belongs to C lo ^ 7 (R^), where 7 is as in the statement of the theorem. 
Since T p (t/2)f G C b (R N ) for any / G LP(R N ), by Proposition OH we obtain that 
T p {t)f = T(t/2)T p (t/2)f e ^(R") as it has been claimed. □ 

Corollary 2.8. For any p G (l,oo) t/ie semigroup (T p (t))t>o is irreducible, i.e., 
for any nonnegative and non identically vanishing function f G L P (R N ) and any 
t > 0, it holds that T p (t)f > in R N . 

Proof. Since the semigroup {T(t)) t >o is irreducible, from Proposition ^ . 71 we deduce 
that T p (t)xE > in R N , for any measurable set E C R^ with positive and finite 
Lebesgue measure, and any t > 0. 

Let us now fix a nonnegative and non identically vanishing function / G L p (R ) . 
Then, there exists m G N such that the set E m = {x G R w : f(x) > 1/m} has 
positive Lebesgue measure. Up to intersecting E m with a sufficiently large ball, we 
can assume that the set E m is bounded and non empty. Since / > m~ 1 XE m , from 
the positivity of the semigroup (T p (t))t>o we conclude that T p {t)f > T p (t)xE m > 
everywhere in R^. D 

For any p G (l,oo), (A P ,D(A P )) is the minimal realization of operator A in 
L P (R N ). The following proposition shows that (A p ,D(A p )) actually coincides with 
the maximal realization of operator A in L P (M. N ). 

Proposition 2.9. For any p G (1, 00) it holds that 

D(A p ) = D maXiP (A) := {u G L P (R N ) n W^(R N ) : Au G L P (R N )}. 

Proof. Clearly, we have only to prove the inclusion "D". Fix p G (l,oo), u G 
D maXtP (A), A G p(A p )DR and set / := Xu — Au. Without loss of generality, we can 
assume that u is a real-valued function. The function v := u — R(X, A p )f satisfies 
the equation Xv — Av = 0. We shall show that v = 0, provided A is large enough. 

We first consider the case a G [1, 2]. Integrating the identity (Au— Av)v\v\ p ~ 2r d\ = 
by parts on TBL N , where ($„) is a standard sequence of cut-off functions, we get 



0=A/ \v\H 2 n dx+ V\v\ p *d 2 n dx + {p-l) a\Vv\ 2 \v\ P ~ 2 €x{v^}dx 

JR N JR N JR N 

+ 2 / ad n \v\ p - 2 v\7v ■ \7tf n dx+ f d 2 n \v\ p - 2 v\7a ■ \7vdx. (2.31) ? mart-l ? 

Jr n Jwl n 

Note that C\ :— sup neN ||a 1 / 2 |V??„| ||oo < 00. Hence, 

/ atf n \v\ p - 2 v\7y\7tf n dx 

Jr n 

JR N \B n 

<C X ( f a\Vv\ 2 \v\ p - 2 #ix{-v*o} dx ) 2 ( I l«l P ^ 2 

\JR N J \JR N \B n / 
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<e f a\Vv\ 2 \v\P- 2 ^ nX{vm dx+^- [ \v\ p dx (2.32) ? mart-2 ? 

and, since |Vo| < aa 1 ' 2 , we can estimate (in a completely similar way) 

/ #l\v\v- 2 vVa-Vvdx <e [ a\Vv\ 2 \v\v- 2 $ 2 nX{v ^ } dx + £■ / M P <dx, 
Jr« jr» ' 4 e ./r« 

(2.33) ? mart-3 ? 

for any e > 0. Replacing ([2~32"j) and (P03")) into (|2~3Tj) and taking e = (p - l)/3, 
gives 

3<t 2 \ /" 3r* 2 /" 

A - / \v\*Kdx - ^~ / \v\*dx < 0. (2.34) Tmart^i? 

4 (p - 1) / Jr« 2(p - 1) J R N\ Bn 

Letting n tend to oo yields v = 0, if we take A large enough. 

Let us now assume that a € [0,1) and consider the function a defined by a = 
(pa+(l — (p)a, where a is any smooth function such that a > 1 and \\a — a\\ L ^i B2 \ < 
1/2, and <p € C%°(M. N ) satishes XBi < <P < Xs 2 - Function a can be obtained, 
for instance, regularizing by convolution a. Let A be the operator defined as A 
with a being replaced by a. As in the case when a > 1, we multiply the equation 
Xv - Av = by vHP- 2 ^. We get 

0= / (Aw-.AiOwMp- 2 ??;;^ 



(Av-.Av)vM p - 2 tf 2 A+ / (a-a)vM p - 2 i? 2 Avdx. (2.35) ?max-i? 

R N ^B 2 

Since a is continuously differentiable in R^ and |Va| < kd 1 ' 2 for some positive 
constant k, we can integrate by parts the first term in the last side of (|2.35p . 
Arguing as in the proof of (|2.34[) we can estimate 

(Xv Av)v\vr 2 $ldx >(x- i ^-yy) j \v\ p €dx 

-^T^U \ V \ Pdx ' (2.36) ?ma^? 

2(p- 1) Jr«\s„ 

where C\ = sup ngN ||o 1 / 2 |V'i9„| ||oo. As far as the other term in the last side of 
(12.35)) is concerned, we observe that, since a > 1 in M. , it holds that 

f (d-a)v\v\ p - 2 $ 2 n Avdx <\\a - a\\ L °°(B 2 ) j |u| p-1 |aAv|da: 

J B2 •J B2 

<\\a-a\\Loo( B ^\\v\\ p r Z rr! xlloAvll 



\L~(B 2 )\\v\\l P{B2) \\al±v\\ L p {B2) 



1, 



iip-i 



= oll W lll,p(i3 2 )ll( 1/ + A ) I; IU !J (S2) 



<i(2^ + A)|| w ||^ (RN) . (2.37)?mMz3? 



From J335J), (|2~M1) and (1237)) we obtain 



4(p - 1) / 7 R « " 20 - 1) y K « Xi j 



1(2? + X) [ \v\Pdx. 

* JR N 



Again, letting n — > 00 we get 

i.2 



/A _ 3ft _ p _ x \ j 

V2 4(p-i) yi R « M " 



GENERATION RESULTS AND HEAT KERNEL ESTIMATES 15 

and, then, choosing A large enough, we conclude that v = 0. □ 

Proposition 2.10. For any a £ [0, 2], any f3 > and any p £ (1, oo) the spectrum 
of A p consists of a sequence of negative real eigenvalues which accumulates at — oo. 
Moreover, o~(Ap) is independent of p. 

Proof. The proof is split into three steps. In the first one we prove that, for any 
p £ (1, oo), o~(A p ) consists of isolated eigenvalues. Then, we prove that o~(A p ) 
is independent of p and, finally, we show that the eigenvalues of A p are real and 
negative. 

Step 1. Fix p £ (1, oo). To prove that the spectrum of A p consists of eigenvalues 
only, let us show that D{A p ) is compactly embedded into ^(l^) for any p £ (1, oo). 
This will yield immediately that the resolvent operator R(X,A p ) is compact in 
L P (M. N ) for any A £ p{A p ). Hence, its spectrum (and, consequently, the spectrum 
of A p ) consists of eigenvalues. 

Since 

\xf p \u(x)\ p dx < d (/ \u{x)\ p dx + f \A p u(x)\ p dx] , 
Ir n \Jr n Jr n J 

for some positive constant C%, independent of u, taking Corollary 12.41 into account 
we can easily conclude that there exists a positive constant C 2 , independent of u 
as well, such that 



/ \xf P \u(x)\ P dx<C 2 , (2.38) ? stima-per-comp ? 



for any u £ 23 := {v £ D(A p ) : \\v\\d(a ) < !}■ This estimate yields the compact- 
ness of 23 in L p (Bi N ) by a standard argument. Anyway for the reader's convenience 
we give some details. To prove that 23 is compact in L P (EL N ), we show that it is 
totally bounded. By estimate (J2.38I) we deduce that 



\u{x)\ p dx<M- f3p \xf p \u{x)\ p dx<C 2 M- f3p 1 ue23. 

M N \B M J^ n \B m 



Let us fix e > and let M e be large enough such that 

f \u{x)\ p dx<\e p , u£3. 



(2.39) ?stima-per-comp-2? 



Since D(A P ) is continuously embedded into W 2 - p (R N ), the set 23|b m of the re- 
strictions to Bm e of all the functions in 23 is continuously embedded in W 2 ' p {E>m s )- 
As this latter space is compactly embedded in L p (Bm e ), there exist n e £ N and 
functions f\, . . . , /„ E in L p (Bm,,) such that, for any u £ 23 and some j = j(u) £ 
{l,...,n e }, 



/ \u(x) - fj(x)\ p dx < -e P . (2.40) ? stima-per-comp-3 ? 

JBm. 2 



Let us now denote by fj (j = l,...,n e ) the function which equals fj in Bm c 
and identically vanishes elsewhere in M. . Using (I2.39|) and (J2.40I) we obtain that 
ll M — fj\\Lp(R N ) < £ i an d this shows that 23 is totally bounded in L P (M. N ). 

Step 2. Let us now show that the spectrum of A p is independent of p £ (1, 00). 
The proof that we present is obtained adapting the arguments in the proof of 
Cor. 1.6.2]. Fixp,q £ (l,oo) and / £ C™(R N ). By the proof of Theorem [231 we 
know that the operators A p and A q are sectorial. Hence, we can determine u) > 
such that the interval (w,oo) is contained in both the resolvent sets of operators 
A p and A q . 
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Since the semigroups (T p (t)) t >o and {T q (t)) t > coincide on D>(R N ) n L q (R N ), 
T p (t)f = T q (t)j for any t > 0. Therefore, for A > u> we get 

/>OC />00 

i?(A, A p )f = / e- x %(t)fdt = / e- x %(t)fdt = i?(A, A g )/. 
Jo Jo 

In particular, 

/ gR(X,A p )fdx = gR(X,A q )fdx, A > w, 

for any 3 G C^°(R Ar ). Note that, since cr(A p ) and cr(^4 g ) consist of isolated eigen- 
values, C \ (cr(Ap) U a(A q )) is a connected open set in C. Hence, the previous 
equality can be extended to any A G C \ (a(A p ) U a(A q )). The arbitrariness of g 
shows that R{X, A p )f = i?(A, A q )f for any A G C \ (<t(A p ) U a(A q )). Let us now fix 
Ao G cr(^4p). Since both cr(^4 p ) and cr(^4 q ) admit no accumulation points in C, Ao is 
isolated in <j(A p ) U a(A q ). Hence, we can determine e > small enough such that 
-Be(Ao) \ {Ao} C C \ (c(A p ) U cr(A q )). Let P be the spectral projection associated 
to the eigenvalue Aq G <j(A p ), which is defined by 



Ph = / R(X, A p )hd\, h G 



Ll\/\, /lpjKUA, /t c u~ \tf 

ldB c {\ a ) 

where 8B 6 (Xq) is oriented counterclockwise. If Ao $■ cr(A g ), from the above argu- 
ments we obtain that 

Pf = ^-[ R(X,A q )fdX = 0, 

which implies that P = by density: a contradiction. Hence, a(A p ) C (r(A q ). 
Since p and q have been arbitrarily fixed, cr(A q ) = a(A p ). 

Step 3. We now prove that, for any p£ (1, 00), the spectrum of A p consists of 
negative eigenvalues. In view of Step 2, we can limit ourselves to dealing with the 
case p = 2. Let A G <t{A 2 ) and u G D(A 2 ) be such that Xu — A 2 u = 0. Multiplying 
both sides of this equality by a~ l u and integrating by parts we get 

=A / ^-dx - f uAudx + f V^dx 

=\ f \^ldx + f \Vu\ 2 dx + f V^dx. 

From the first and last side of this chain of equalities we immediately infer that A 
is real and negative. 

Finally, we observe that the eigenvalues of operator A p can be ordered into a 
sequence diverging to —00. Indeed, if they were a finite number, the operator A p 
would be bounded in L P (R N ), which, of course, cannot be the case. This concludes 
the proof. □ 

To conclude this subsection we prove the following result, which will be used in 
Section [51 

Proposition 2.11. Suppose that a G [0,2] and (3 > 0. Then, for any p G 
(l,Oo), the eigenspace corresponding to the largest eigenvalue Xq of A p is one- 
dimensional and is spanned by a strictly positive function <j), which is radial, belongs 
to Cl + "'(R N ) n C 2 (R N ) for any 7 G (0, 1) and tends to as \x\ -> 00. 

Proof. Fix p G (l,oo). By Proposition 12.101 we know that the spectrum of A p 
consists of a sequence of negative isolated eigenvalues with finite geometric mul- 
tiplicity. It follows from [T31 A-III, Prop. 2.5(iii)] and the Riesz-Schauder theory 
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for compact operators (cf. [3] VII. 4. 5]) that Ao is a pole of R(-,A P ) of finite alge- 
braic multiplicity. From Corollary 12.81 and [T51 C-III, Prop. 3.5] we now conclude 
that the eigenspace corresponding to Ao is one-dimensional and is spanned by a 
strictly positive function 4>. Since e x °(f> — T p (l)(f>, from Propositions 12.61 and 12.71 it 
follows immediately that cj> £ C fc 1+7 (M Ar ) n C 2 (R N ) for any 7 £ (0, 1). In particular, 
<f> = e~ Ao T/v(l)0. Hence, cf){x) vanishes as |x| — > 00. 

To complete the proof let us prove that <fi is radial. For this purpose, we observe 
that, since the coefficients of operator A are radial, the function x 1— > 4>r(x) :— 
4>{Rx) is an eigenfunction of .A associated to the eigenvalue Ao, for any orthogonal 
matrix R. Hence, 4>R an d (j> should be proportional. Since they coincide at x = 0, 
they should coincide everywhere in M. N . Hence, <j>(Rx) = 4>{x) for any x £ R N and 
this shows that <f> is radial. D 

Remark 2.12. From Proposition 12.111 we know that the largest eigenvalue Ao of 
A p is simple. So, it follows from [JJ Cor. 2.3.5] that there exists a positive constant 
M p such that 

\\ T p{t)\\L(LP(R")) < M p e Xot , t > 0. (2.41) ? spectr-behav ? 

3. Heat kernel estimates 

It follows from the local regularity of the coefficients of the operator A that the 
semigroup (T p (t)) t >o generated by A p admits a heat kernel k(t,x,y) such that 



T P (t)f(x)= k(t,x,y)f(y)dy, t > 0, x £ 

JRf 

for all / £ LP(R N ) (cf. 0). 

In this section we propose to prove some upper estimates for k. For this purpose, 
let us estimate the eigenfunction <f> corresponding to the largest eigenvalue Ao of 
the operator A. 

Proposition 3.1. Assume that f3 > and a £ [0,2). Then, there exist constants 
Ci, C2 > such that 











CiMx) < 


<P(x)<C 2 f 2Xo (x), 


for all x 


€ 


R N 


\B(0, 


1), where 




fx(x) : 


= 


\xf 


: — & N-: 

4 2 


LCXP (-/' 


s^' 2 A 

(1 + 5«)l/2 dS 2 



1x1 1 A 

s f3/2( 1 + s *y/2 as J ■ 

(3.1) ? flambda ? 

Proof. Let us set f\{x) = ip{\x\)e~ 9x ^ x ^\ where A is a real constant, 

r?l 2 A 

5a ( r ) _ (1 + r «)i/2 + 2^/2(1 + r a y/ 2 ' r > ' 

and ip is a positive and sufficiently smooth function to be chosen later on. 
A straightforward computation shows that 

+ te(|x|)) 2 AW + ^p ■ f^y^W. 

for any a; G R N \ {0}. Let us determine ip in such a way that 

3o '(r) + 2. 90 W|^ + ^-g'oir) =0, r > 0. 
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We can take 

tp(r)=r * [ r J » r>0 - 

With this choice of ip we get 

+ 4^i) + T (1+m fpy /A(x) 

2|x| ' l^l^ 3 / 2 /Alj 
=:/»A(|a!|)/A(s), 

for any i£l"\ {0}. Since a € [0,2) and /3 > 0, /ia(|x|) tends to as |x| -> oo. 
Therefore, 

■A/ A (x) - A/ A (x) = o(1)/a(x), (3.2)' 

as | a; | — > oo. We can thus apply the same arguments as in Davies book [3]. More 
precisely, if is a positive eigenfunction of operator A p associated to the largest 
eigenvalue A < 0, then we have Acp - \ <t> = in R N , <p e ^(R^) n C 2 ^) and 
it vanishes as |x| — > oo (see Proposition ^. lip . Now, o(l) > Ao if |x| is sufficiently 
large (let us say |x| > R). Since /o > 0, it holds that 

= Af (x) ~ o(l)/o(x) < ^l/o(x) - X fo(x), 

for any ieM"\ B R , which yields A(f - 0) - A (/o -</>)> in R^ \ Br. Up to 
replacing R with a larger value if needed, we can assume that |x|^+A > is positive 
for any x £ R N \ Br. Since both / and 4> tend to as |x| — > oo, and Jq 1 ^ > C\ on 
OBr, by compactness, we get, by the maximum principle, Ci/o — 4> < in R w \ Br. 
Analogously, by ([22]) it follows that Af 2 \ - (2A + o(1))/ 2 a = in R^ \ {0}. 
Now, up to replacing R with a larger value, we can assume that 

< \xf + 2A + o(l) < \xf + A , igR^ Br. 

Hence, yi/ 2 A -Ao/2Ao < 0inR N \B R . This implies that^(/ 2 A o -^)-Ao(/2A o -0) < 

in R w \ Br and as above we can conclude that C2/2A0 — </> > in R w \ Br for 
some constant C2 > 0. □ 

Note that the function /2A0//0 is bounded in a neighborhood of 00 if and only 
(3 + a > 2. In such a situation one obtains the following result which can be deduced 
also from [15, Chpt. 6, Thm. 2.1]. 

Corollary 3.2. If2<a + /3<2 + f3 then there exist constants C\, C% > such 
that 

Ci/ (x) < 0(x) < C 2 / (x), xeR N \ B(0, 1). 

Let us now introduce on L 2 the bilinear form 



a M (u,i>) = / Vw-Vu<ia;+ / Vuv d/i, u,v <E D(a ll ), 

where cfyi(x) = (1 + |x| a ) _1 dx and D{a l _ L ) = {u e i 2 : F 1/2 u € i 2 , Vw G 
(L 2 (R A ')) Ar }. D(a^) is a Hilbert space when endowed with the inner product 



u, w)i)( a „) = / (l + V)wd/z + / Vu-Vvdx. 
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Since a M is a closed, symmetric and accretive form, to a M we associate the self- 
adjoint operator A^ denned by 

D(Afj,) = I u e Lit : 3g e L 2 such that a^u, v) = - / gv dfi, \fv € D(a^) \ , 
I Jr n J 

A^u = g, 

see [IHl Prop. 1.24]. By general results on positive self-adjoint operators induced 
by nonnegative quadratic forms in Hilbert spaces (see e.g., [IHl Prop. 1.51, Thms. 
1.52, 2.6, 2.13]) Aft generates a positive analytic semigroup e tA " in I? , We denote 
by kfj, the heat kernel associated to Ap, i.e., 



„tA u 



f= / Mt,-,y)f{y)dn{y), t>0, feL}. 



(i) D{A I1 ) = {u £ D{a li ) n W%*(R N ) : Au e L 2 } and A^u = Au for any 



Lemma 3.3. The following properties are satisfied 

loc 

u G D{A fJL ); 
(ii) e tA "f = T v (t)f for any t > 0, any p G (l,oo) and any f G D>(]SL N )r\ L 2 ^. 

As a byproduct, it follows that 

k„(t,x,y) = (l + \y\ a )k(t,x,y), t>0,x,yeR N . (3.3)7* 

Proof, (i) We begin by proving the inclusion "c". Fix u £ D(A^) C W^ 2 (R N ). 
Then, 

/ Vu • \Jvdx = — j (A^u + Vu)vdfi, 
Jr n Jr n 

for any v € C^°(R N ). Since g = A M u + Vu G L 1 2 oc (]R Ar ), from the previous formula 
we deduce that 



Vu • Vu dx 



< 



\9\\l2(b r )\\v\\l 2 (r n ), 



for any v G C^°(J5/j) and any i? > 0. By density this estimate can be extended to 
any v € Wg ' (-Br) for any R > and, using a standard argument, it is immediate 
to check that Vu € {W^ 2 {R N )) N . Hence, u £ Wf ' c 2 (R w ) . 

Finally, integrating by parts we conclude that A^u = Au. The inclusion "c" 
follows at once. 

Let us now prove the inclusion "d". For this purpose, we fix u £ D{a,fj) PI 
W^(R N ) such that / := Au £ 1%, and ip £ C^K^). Integrating by parts we get 

-i 



ftpdp, = j (Au — a Vu)(pdx 

Vu ■ Wipdx — I VuTpdp, 



R N 

= -an(u,<p). 

To conclude that u £ D{A^) we need to show that the previous equality can be 
extended to any ip £ D{a^). But this follows immediately from the density of 
Cl(R N ) in D(a M ), which can be proved arguing as in the proof of Proposition lA.il 
The inclusion "D" follows. 

(ii) Since L 2 (R N ) C L 2 , with a continuous embedding, by Proposition 12.91 it 
follows that D(A 2 ) C D(A I1 ) with a continuous embedding (when the two previous 
spaces are endowed with the graph norms). Hence, for any / <G L 2 (R N ), both the 
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functions t h-> T 2 (t)f and t (-> e tA *f belong to ^((0, +00); L£) n C([0, +00); L£) n 
C((0, +00); D{A l j)) and solve the Cauchy problem 

J "(0) = /. 

Since the previous problem admits a unique solution with the claimed regularity 
properties, T 2 {t)f = e tA "f for any t > 0. Recalling that T^i) and T p (t) agree on 
Z^R^) n L 2 (R N ) for any i > 0, we conclude that, for any t > 0, e tA " and T p (t) 
coincide on L P (R N ) n L^. Formula (I3.3[) now follows immediately. □ 

Let us now give the first application of Proposition 13.11 

Proposition 3.4. If a £ [0,2) and /3 > 0, then 

k(t,x,x) > Me Xot (f (x)) 2 (l + \x\ a )-\ t > 0, 

for all x £ M. N \ 5(0, 1) and some constant M > 0. Here, /o is given by (|3.1[) . 

Proof. From the semigroup law and the symmetry of k^t, •, •) for any t > 0, we 
deduce that 

k ll (t,x,x)= k fJ ,(t/2,x,y) 2 d^(y), t > 0, x e l w . (3.4) ? kmu-0 ? 

JWL N 

Indeed, for any real valued functions ip,i/j € C^°(U. N ) it holds that 

ipe tAfi tpd/j, = \ ipe^ A "e^ Atl ipdfi= / e^^tpei^ipdfj, 



or, equivalently, 

ip(x)dfj,(x) / k^(t,x,y)tp(y)d(i(y) 

d//(a;) / ip(y)dfj,(y) / k )i (t/2,x,y)k ti {t/2,x,z)tp(z)dfi(z) 



i>(y)dn{y) l <p(z)dn(z) / kf J ,(t/2,x,y)k fi (t/2,x,z)dn(x). 

Jm N Jr n 

The arbitrariness oi <p,ip € C^°(R N ) imply that 

k,j.(t,x,y)= / k t t(t/2,z,x)ki M (t/2,z,y)dfx(z), 



and, then, the symmetry of k^(t, •, •) leads to (|3.4[) . 

Let us denote by </> the normalized eigenfunction of A (i.e., ||0||l 2 — 1) corre- 
sponding to the eigenvalue Ao. Using Holder inequality we get 

e Ao 3#c) =T 2 (t/2)cf>(x) 

k M {t/2,x,y)<f>(y) d^(y) 



< / k^t/2,x,y) 2 d^(y) 

\Jr n 

'fyi V^5 *£) •£ ) 7 

for any t > and any a; <E M. N . The assertion now follows from Proposition 13. II D 
We now state the main result of this section. 
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Theorem 3.5. If N > 2, a £ [0,2) and (3 > 2, th 



en 

0<k(t,x,y)< KeX ° te *~°{f )foiy) , t>0, x,y£R N \B(0,l), 

1 + \y\ a 

where K, c are positive constants, b > 4^ an d /o is given by (|3.ip . 

Proof. The case a = is already known, see [3J Cor. 4.5.5 and Cor. 4.5.8]. Let us 
consider the case when a £ (0,2). We split the proof into two steps. In the first 
one we estimate the function fc^(i, •, •) for t £ (0, 1] and prove that 

k M (t,X,y) < K 1 e ct '"(t)(x)(t)(y), < t < 1, X,y £ R N , (3.5) ? intrins-ultra ? 

for some positive constant K\. In the second one we prove that 

k^t,x,y)<K 2 e Xot (f>(x)(j>(y), t>l,x,y£R N . (3.6) ?tgel7 

Combining p. 51) and (|3.6p . taking p. 31) and Corollarv l3.2l into account, the assertion 
follows at once. 

Step 1. Estimate (|3.5[) can be proved adapting the arguments used in [5j Subsect. 
4.4 and Subsect. 4.5]. For this reason we do not elaborate the proof but we just 
check the crucial points, which are the estimates 

f 9\f\ 2 d^<b \\g\\ LN/2 a^fJ), f £ Dfa), g £ L N J 2 , (3.7) ?nash? 

Jr n " 

for some positive constant bo, independent of / and g, and 

W\f\ 2 dfi < e(a^(fj) + Aoll/Hij) + {ce~fc - eAo)||/||^,, / € D(a M ), 

(3.8) ? stima-W ? 

for any e > 0, any 7 £ (/3/2 + 1, /3) and some positive constant c. Here, W(x) = |x| 7 
for any x £ M. N . 

To prove (|3.7[) it suffices to show that the semigroup (e tA,J -)t>o is ultracontractive 
and 

\\e tA »f\\oo<Ct-%\\f\\ Ll , t>Q,f£L% (3.9) ?iper-contr? 

for some positive constant C, independent oft. Theorem 2.4.2 in [3] will then imply 
that there exists a constant 60 > such that 



\\f\\ 2 r 2N/iN-2) < b a^{f, /), / € I>(a M ), 

and Holder inequality will yield estimate (|3.8[) . 

So, let us prove (13.91) . For this purpose, we denote by (S(t)) t >o the analytic 
semigroup generated by the realization of the operator a A in 1? . The results 
in [TH Thm. 2.14] show that each operator S(t) is a contraction in L°°(M. N ), 
S{t) £ L{Lj i {R N ),L°°(R N )) and \\S{t)\\ L{L ^ L ^ {m N )} < C x t- N l 2 for some positive 
constant C\, independent of t. Stein interpolation theorem implies that S{t) is 
ultracontractive and ||S , (t)/|| 00 < C x ' t~ N / i \\f\\ L 2 . To complete the proof of p.9p 
it now suffices to show that S(t)f < e tAfi f for any t > and any nonnegative 
/ £ L? . In fact, we prove such a property for any nonnegative / £ C£°(R ). 
By Proposition 12.71 we know that both the functions e tA "f = T 2 (t)f and S(-)f 
belong to C b ([0, 00) x R N ) n C 1,2 ((0, 00) x 1*) and their difference u satisfies the 
differential inequality D t v — aAv < and vanishes at t = 0. By a variant of the 
classical maximum principle (see e.g., pQ Thm. 4.1.3]), we can infer that v < 0. 
Hence, e* A ^/ < S{t)f for any i > 0. 

Estimate (|3.8p follows at once observing that 

W(<c) <e{V(x) + \ ) + ce-i^ - e\ , x£R N , 

where c = ( / g- 1 7 )T/03-r) - (^- 1 7 )' 3 /(' 3 -t). 
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Step 2. To estimate the function k^{t,-,-) for t > 1, we use the Chapman- 
Kolmogorov equation and the symmetry of k^(t, •, •) to infer that 

k fi {t,x,y) = I k l ,(t-l/2,x,z)k fi (l/2,y,z)dn(z), t > 1/2, x, y G R N . 

By Step 1, the function k^(l/2,y, •) belongs to L 2 . Hence, 

k fi (t,x,y) = (e^ t -^ A -k ti (l/2,y,.))(x), t > 1/2, x,y&R N . 

From formula p. 41) and estimate (J2.41I) we now deduce that 



k fi (t,x,x)= \k t ,(t/2,x,y)\ dfi(y) 

<M 2 e x ^^\\k^l/2,x,-)\\l l 
=M 2 e x ^ t - 1 h„{l,x,x) 

<^ 2 e Aot ((Ha;)) 2 , 

for any t > 0, any x £ R N and some positive constant K 2 . Using the inequality 
k^(t,x,y) < (fc M (i, x, x)) 1 / 2 (k ll {t, y,y)y/ 2 , which holds for any t > and any x,y € 
R N and follows from the Chapman-Kolmogorov equation, we get (|3.6p . □ 

Let Xj be an eigenvalue of A 2 and denote by ipj any normalized (i.e. || V'j II l 2 (k n ) = 
1) eigenfunction associated to Xj. Then, by (|3.4[) . with 2£ instead of t, we get 

e A '*|^(a:)| = / k f ,(t,x,y)ip J (y)dfi(y) 

-(X« fcAi(i ' x ' y)2 ^ (2/) ) 2|l ^ llL " 

=(fc A( (2t,x,a;))i, 
for any t > and any x € R N . So, by Theorem 13.51 we obtain 



Corollary 3.6. If the assumptions of Theorem \3.5\ hold, then all normalized eigen- 
functions ipj of A 2 satisfy 

°\ B /3/2 \ 



\il>j(x)\ < C\x\ 4"2 exp ( - / - _„, 1/9 rfa 



-3 iv-i 

'" ,1 ' " /l (l + S«)l/2' 

/or a// a; G M w \ S(0, 1) and a constant C > 0. 

3.1. A slightly more general class of elliptic operators. Let us consider the 
operator 23, defined on smooth functions u by 

N 

T>u = a ^ DkiqkjDju) - Wu, 

j,k=l 

(where, as usual, a(x) = (1 + |.t| q ) for any x £ M. N ) under the following set of 
assumptions: 

Hypotheses 3.7. (i) the coefficients q kj = q jk belong to C b (R N ) n W^ (R w ) 
for any j,k = 1, . . . , N and there exists a positive constant r\ such that 

N 

(ii) W e Ll oc (R N ) satisfies W(x) > \xf for any ieM" and some /3 > 2; 
(iii) a € [0,2) and Djqkj(x) = o(\x\^~) as |cc| — > oo. 
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On L,, we define the bilinear form 

H 1 



N 



bfj,(u,v) — y. I qkjDkuDjvdx+ / Wuvd/i, ii,neD(y, 



where £>(& M ) = {u € L^ : W 1 ' 2 G Z£, Vm € (^(R^))^}. Since 6 M is a symmetric, 
accretive and closable form, we can associate a positive strongly continuous semi- 
group in L? 2 (we refer the reader again to (THl Prop. 1.51, Thms. 1.52, 2.6, 2.13]). 
The same arguments as at the beginning of this section show that the infinitesi- 
mal generator B^ of this semigroup is the realization in L 2 of the operator 23 with 

domain D{B^) = {u e D{b^) n W£*(R N ) : T,u G L 2 }. 

In this subsection we prove upper estimates for the kernel p^ of the semigroup 
(e* Sf ') t >o- For this purpose, for any > we introduce the sesquilinear form a M g 
defined by 

a Mi g(w, v) — / \7 u ■ \7v dx + 8 2 / Vuvd^, u,v e D(a^ h g) — £>(a M ), 

where l^(a;) = |cc|^ for any x € R N . The arguments in the first part of this section 
can be applied to the analytic semigroup associated to the form a^g in L 2 and its 
kernel k^g. In particular, arguing as in the proof of (|3.5p and (J3.6I) one can show 
that 

< k^j{t,X,y) < Kge X °- et e det (f) ,e(x)(po,e(y), t > 0, I.i/el", (3.10) ? kernel-estim-theta ? 

where eg and Kg are positive constants, Ao.e is the largest (negative) eigenvalue 
of the minimal realization of operator Ag in L 2 (R Ar ), and 4>qj is a corresponding 
positive and bounded eigenfunction. Moreover, there exist two positive constants 
Ci t g and Cifi such that 

M s /3/2 



C M < |x| 4 + 2 exp I -6 / (1 + ga , 1/2 rfs I (f>o,e( x ) < c 2,e, 

for any x€ R JV \ 5(0,1). 

In the proof of Theorem 13.91 we will also need the precise asymptotic behavior 

of|v<M. 

Proposition 3.8. Assume that a £ [0, 2) and (3 > 0. Then, 

\vMx)\ 2 i + M" i 

|x™oc (0 o ,e(x)) 2 ' |af fl 2 ' 

Proof. Since </>o,e is radial (see Proposition 12 . 1 lj) . there exists a function ^g such 
that 4>Q : g{x) = 0^^(1x1) for any x £ R w . Let us consider the function v defined by 
v(r) — |r|^ Ar_1 ^/ 2 0* i e(— r) for any r > 0. As it is easily seen, 

, , (e 2 \r\P + \o N 2 -4N + 3\ 

v "(r) = v(r) ' ' , , + — -pj , r < 0. 

w w V. 1 + M 4|r| 2 / 

By |15[ Chpt. 6, Thm. 2.1] we know that there exist two solutions wi and W2 of 
the previous equation, given by the following formula: 

for j = 1,2„ where e 3 (r) and (1 + \r\ a ) l / 2 {6 2 \r\P + A )- 1/2 ^(r) tend to as 
r — » — oo. This last assertion follows from applying [T^l Formula (2.04)] noting that 
the function F in [15, Formula (2.01)] has bounded variation in (— oo,a] for any 
a < since it is therein bounded and Lipschitz continuous. It then follows that wi 
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and wi are linearly independent since W\ is unbounded whereas wi is bounded in 
(—00, 0). Hence, v is a linear combination of the functions w\ and W2- Since (f>*,e is 
bounded, and r i— > r _ ^ v_1 '' 2 'u;i(r) tends to 00 as r — > —00, we obtain that v = u>2, 
i.e., 

^W=cr - (^r^J exp^-^ (1 + f>Q)1/2 *)(l + ei (r)), 

for any r > and some positive constant c. 
Now, a direct computation yields 

N - 1 (a - /3)6 2 r a +P- 1 + aXor"- 1 - ,30 V" 1 



^.eO) = ^*,e(r) 



1r 4(1 + r a )(0 2 rP + \ ) 

9 2 r^ + AQ) 1 / 2 ei(r) 



( 1+r a)l/2 l+ £l ( r )_ 

for any r > 0. Observing that the leading term (as r — > 00) in the round brackets 
is the function r H> — (9 2 r l3 + Ao) 1 ^ 2 (l +r a ) -1 / 2 , the assertion follows at once. □ 

Theorem 3.9. Assume that Hypotheses 13. 71 are satisfied and let 

N 

A:= sup |d" 2 V g*j (&)&&• 
x,am N \{o} jk=1 

Then, for any 9 £ (0, A -1 ' 2 ), we have 

P»(t,x,y) <M g e Xo -<> t e c <> t ' b \xy\ : ^ A - ! ^ 1 

( /-N s ^/2 r\v\ s P/2 \ 

x exp —9 / - Triads — 9 rn^ds , (3.11) ?estim-pmu? 

\ )l (1 + S a ) 1 / 2 J x (1 + S«)V2 J> V > V— 

for any t > and x, y £ M. N \ 5(0, 1), where Mg, eg are positive constants, and 

U ■> P-2 ■ 

Proof. The assertion can be proved adapting the arguments in [17) to our situation. 
For the reader's convenience we give the main ideas of the proof and some details. 
To overcome cumbersome notations, throughout the proof we do not stress the 
dependence of the constants on 9. 

Let us denote by £ any positive and smooth function such that 



C(x) = 1x1^-^^1-9^ ^_ dsj, x£R N \B(0,l). 

Since the ratio 4>q gC, is bounded from below and above by two positive constants, 
proving (|3.1ip is equivalent to showing that 

C 1 (x)p ll {t,X,y)C 1 {y) < Mie ct ~V ' e *, f>0, .T^el", (3.12) ? stima-nucleo-l ? 

for some positive constants M and c. Note that the left-hand side of (|3.12p is 
the kernel of the semigroup (37 1 e tB ^3() t >o in Li 2 , where J,/, : L\ 2 ~ > i 2 , is 
the isometry defined by J^f — fip for any / £ L 2 ^ and any positive measurable 

function ip. Clearly, this semigroup (which from now on we denote by (e tBl *)t>o) 
is associated to the form 6 M on L^ , defined by b^(u,v) = b^(C,u,(^v) for any 

u,v £ D(b M ) = {u:(u£ D(b M )}. 

The main step of the proof consists in establishing (|3.12[) for t £ (0,1]. Indeed, 
once it is proved for t £ (0, 1], (13.12)) can be extended to any t > arguing as in 
the last part of the proof of Theorem 13.51 

To establish Q3.12J) for t £ (0, 1], one has to prove the following facts: 
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(i) u A 1 := min{u, 1} <G D(a^g) (resp. D(b^)) for any nonnegative u £ D(a^ t e) 

(resp. £>(6 M )); 
(ii) the semigroup {e tB »)t>o and the semigroup (e tj4 ^' 8 )t>o, associated to the form 

5/1,0 = «/i,e(C')C*) with domain D{a^fi) — DQ}^), are positive, they map 

L 00 ^^) into itself and satisfy the estimates 

\\e tA ^ e \\l(l~(r»)) < e Clt , ||e 4i - e |U(lo«(e«)) < e Clt , t > 0, 

for some positive constant C\\ 
(iii) the Log-Sobolev inequality 

w 2 (log«)C 2 ^ < efo M (u,w) + ||m||| 2 log|M| L 2 + c{l + e- b )\\u\\ 2 L2 , 

rn C 2 m C"e < 2 m 

(3.13) ?lsi? 

holds true for any nonnegative u E D{b^) n £j2„ fl L ca (M. N ), where c is the 
constant in (|3.12j) . 

From (|3.13[) it follows immediately that the form fe Ml e(-, •) := ^,e(-, •) + C\{-, -)c 2 m' 
satisfies the Log-Sobolev inequality 

u 2 {\ogu)C, 2 d^ < ebn(u,u) + \\u\\ 2 L 2 log||u|| L 2 + c(l + s~ b )\\u\\ 2 L 2 , 

c 2 (» c 2 m c 2 f 

for any nonnegative u £ D(6^)nLi 2 „ nL°°(R JV ), and it is associated to the Markov 

semigroup {e l ^~ Cl+B ^)t>Q. Hence, combining 3, Lemma 2.1.2, Cor. 2.2.8 and Ex. 
2.3.4], estimate (|3"T2l follows with t <E (0, 1]. 

Let us elaborate with some details the previous three points. 

Property (i) is satisfied with the set D := {u : u^o.e G Z?(a M ,g)} instead of 
-D(o/i,e), as it follows from [161 Cor. 2.17] applied to the form a IJ , t e{4 l o,9 , j ( l ) o,e'), 
which has D as a domain, and it is associated to the L°°-contractive semigroup 
(37 /'^''''^o.sl^O' O n the other hand the spaces D and Diji^fi) coincide. This 
follows from recalling that the ratio fiolC is bounded from below and above in M. N 
by two positive constants and from using Proposition 13.81 and a straightforward 
computation to estimate 

|V(CVo,«)| < C 2 (|0-jV0 o , e | + IC'VCI) < CsV 1 / 2 < CsW 1 ' 2 , 

for some positive constants C'2 and C3. Hence, property (i) is satisfied by any 
nonnegative u € D{a^ 9 ). Since D(6 M ) C £>(a M ,<?) and \W 1/2 (u A 1)| < iy 1/2 |u| 
for any u € Z?(6 M ), it is easy to check that property (ii) is satisfied also by any 
nonnegative u G D(b^). 

(ii) The positivity of the semigroups follows from [TCJ Thm. 2.6, "4) => 1)"]. To 
prove that they map L°°(IR Ar ) into itself, it suffices to observe that the functions 

N N 

V a =9 2 V - C^aAC, W b = W- C X a ^ A%£>jC - C'a J^ <feA,C= 

are bounded from below by —C\ and their moduli can be controlled by a constant 
times, respectively, the functions V and W. This and property (i) allow us to show 
that 



a^ 9 (u A 1, (u - 1)+) = / V a (u A l)(u - 1)+C 'd/i 
Jr n 

>-Ci J (uAl)(H-l) + C 2 d/i, 



26 LUCA LORENZI AND ABDELAZIZ RHANDI 



K,e{v A 1, (t» - 1)+) = / W b (v A l)(t> - l) + Cdfx 

>-Ci [ (vAl)(v-l) + C 2 dn, 



for any nonnegative u G £>(a^ ; g) and i> G -D(& M ). Applying [THl Cor. 2.17, "3) =4> 
1)"] to the forms a /i) e(- ] •) + Ci(«, •)^2 M and fe M (-, ■) + Ci(-, -)c 2 /-" an< ^ taking property 
(i) into account, (ii) follows. 

(iii) Since b^{u,u) > min{/i, -1 }a M- e(u, it) for any m G D{b^) C D(a M) e)j it 
suffices to prove the Log-Sobolev inequality for the form a M . For this purpose, we 
observe that the semigroup (e'" 4 ' i ' s )t>o is ultracontractive and it satisfies 

\\e tA ^\\ L (L^.L-( R -)) < C 4 eV*V~\ t > 0. 

This property follows from the kernel estimate (|3. 10[) , which shows that the kernel 
k^£ associated to the semigroup (e **'')i>o satisfies the estimate 

k^{t,x,y) = r 1 (x)/c M (t,a;,y)r 1 (y) = k^o(t,x,y) < C 4 e Ao < st + ct ~\ 

for any t > 0, any x,y £ M. N and some positive constant Cj, and the fact that Ly 2 
is continuously embedded into Ll 2 We can thus apply [31 Thm. 2.2.3] (note that 
its proof works as well also in the case when the semigroup is not L°°-contractive 
but its L°°-norm is bounded on bounded sets of [0, +oo)) obtaining (|3.13|) with a^e 
replaced by 6 M , and with c being replaced by a constant c. □ 

Appendix A. 

This appendix contains all technical results that we need to prove Proposition 
and Theorem [ 



Proposition A.l. Let q : M. N — > R be a positive and continuous function such 
that q(x) < C\x\ 2 for any x G M. N and some positive constant C. Further, let 
W G C(M. N ) be a nonnegative function. Then, for any p G (1, oo), C£°(R ) is dense 
in the space Z := {u G W 2 ' P (R N ) : ? 1/2 |Vu|, q\D 2 u\, Wu G L P (R N )}, endowed with 
the norm 

\\ u \\z = \\u\\ Lp{r n } + \\Wu\\ L p(un) + ||g 1/2 |Vu| HiP^JV) + \\q\D 2 u\ \\ L p (R Ny 

Proof. Even if the proof can be obtained employing a standard argument, for the 
reader's convenience we enter details. As a first step, take u G W 2 ' P (R N ), with 
compact support, and regularize it by convolution with standard mollifiers, obtain- 
ing a sequence («„) C C£°(R ) converging to u in W 2 ' P (R N ). Since supp(u„) c 
supp(u) + Si, for any n € N, q x l 2 DiU n , qD 2 jU n and Wu n converge, respectively, to 
q x / 2 DiU, qD 2 ,u and Wu in L P (R N ), as n tends to oo, for any i,j = l,...,N. Hence, 
u n tends to u in Z. To conclude the proof, it suffices to show that any function 
iieZ can be approximated in the Z-norm by a sequence of compactly supported 
functions in W 2 ' P (R N ). For this purpose, to any fixed u G Z we associate the se- 
quence (u n ) defined as follows: u n = w& n for any n G N, where $„(#) = $(n x) for 
any x G R^ and d is a smooth function such that \b ± < $ < Xb 2 ■ -By dominated 
convergence, m„ and W^Un tend to u and VKu in L P (R N ), respectively. Similarly, 
one has 



|«* |Vu„ - Vu| ||£ P(RN) <2 p - 1 / g? |Vu| p |0„ - l\ p dx 



op-i 

sup q(x)* I \W(n- l ')\ p \u\ p dx 



rii- 1 



n< \x\ <2n 
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<2 p ~ l [ q*\Vu\ p \'& n -l\ p dx 



Hence, from the dominated convergence theorem, we deduce that the last side of 
the previous chain of inequalities vanishes as n tends to oo. 

A completely similar computation shows that qDijU n tends to qDijU in L P (J$L N ) 
asn-> oo, for any i,j = l,...,N. This completes the proof. □ 

The following interior L p -cstimates are crucial to prove that A p is a sectorial 
operator in the case when a G [0, 1). 

Proposition A. 2. Fix p G (l,oo) and let L be a uniformly second-order elliptic 
operator in non-divergence form with bounded and continuous coefficients. Further 
assume that the diffusion coefficients are j-Holder continuous for some 7 G (0, 1). 
Then, there exists a positive constant u such that, for any r > and any A G C 
with Re A > ui, 

II \D 2 u\ \\lp(B,.) < Mr (|| Axi — Lu\\ L p(B 2r .) + IM|lp(B 2 ,.)) > (A-l) ? stima-interna-hessiano ? 

for any u G W 2:P (R N ) and some positive constant M r , which depends on r, the 
sup-norm of the coefficients of the operator L, the ellipticity constant, the modulus 
of continuity of the diffusion coefficients of L, but it is independent of u and A. 

Proof. It is well-known that there exist two positive constants ui and C such that 

II \D V\ ||lp(r-<v) < C||Au — Lv J J lp (rjv \ , (A-2) ?stima-globale-hessiano? 

for any v G W 2 ' P (R N ) and any A G C with RcA > w (see e.g., [7; Thm. 3.1.3]). 

Let us fix r > and, for any n G N, set r n — 2r(l — 2~" _1 ). Clearly, r$ = r and 
linin-xx, r n = 2r. Let (ip n ) be a sequence of smooth functions such that \b t < 
<Pn < XB Tn j |V^ n | < 2 n cr~ 1 , \D 2 ip n \ < A n cr~ 2 in R N , for any n G N and some 
positive constant c. Fix u G W 2,P (M. N ) and apply estimate (|A.2[) to the function 
v n = utpn- We get 

II l-D 2 ^! ||lp(k«) < C r (\\Xu - Lu\\ L p(b 2t ) + 4"||u||Lp(s 2r ) + 2"|| |Vw n+ i| \\ LP ( R Ny) . 

(A. 3) ? stima-interna-l ? 

The constant appearing in (IA.3I) . as well as in all the forthcoming estimates, are all 
independent of A, u and n. Using the interpolation inequality (|2.9[) . and recalling 
that ||u„ + i|| LP ( R iV) < ||u||iJ>(Bar)) we can estimate 

II |Vv n +l| ||lp(E«) < C N e\\ \D 2 V n + 1 \ || L p(R«) + — ||«||ii>(B 2r ), 

for any e > 0. Plugging this inequality into (|A.3|) and choosing e = 2~™~ 4 (C r Cjv)~ 1 , 
we get 

II \D 2 v n \ ||lp(r™ ) < — II \D 2 v n+1 \ ||lp(r™ ) +C' r (||Att-iu||ii»(B 2r ) + 4 n \\u\\ LP(B2r) ) . 

Let us multiply both the sides of the previous inequality by 16~" and then sum 
over n = 0, . . . , M. We obtain 

II \D V Q \ \\ L v(k, n ) - 16 M+l H \ D W A-f+l| ||lp(K«) 
<C"||Am - Lu\\ L p(B 2r ) + C 'r\\ u \\LP(B 2r )- 

The assumptions on tp n imply that || |i) 2 WM+i| ||lp(r a ') ^ C4 m+1 ||m|| W 2,p( Rj v-) for 
some positive constant C, independent of M. Hence, we obtain (|A.1|) letting M — > 
00, recalling that vq — u in B r . □ 
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